Abstract. We consider the pseudorelativistic no-pair Brown-Ravenhall operator for the description of relativistic one-electron ions in a homogeneous magnetic field B. It is shown for central charge Z ≤ 87 that their ground state energy decreases according to √ B as B → ∞, in contrast to the nonrelativistic behaviour.
Introduction
A relativistic atomic electron of mass m in a magnetic field B = ∇ × A resulting from a vector potential A is described by the Dirac operator H [18] ,
where p A = p − eA, α, β are Dirac matrices and V = − γ x is the Coulomb field generated by a point nucleus of charge Z fixed at the origin. The coordinate and momentum of the electron are denoted, respectively, by x and p (with x = |x| = x 2 1 + x 2 2 + x 2 3 ), and the field strength is γ = Ze 2 . Relativistic units ( = c = 1) are used, with e 2 ≈ 1/137.04 being the fine structure constant. A widely used pseudorelativistic operator which accounts for the spin degrees of freedom is the Brown-Ravenhall operator h BR . It can be obtained from a projection of H onto the positive spectral subspace of the electron at V = 0 [3] (see also [7] for its mathematical analysis).
The Brown-Ravenhall operator in a magnetic field [4, 14, 10] is given by
where E A = |D A | is the kinetic energy operator,
(1.3) Here, σ = (σ 1 , σ 2 , σ 3 ) is the vector of Pauli spin matrices. h BR acts in the Hilbert space L 2 (R 3 ) ⊗ C 2 and its form domain is H 1/2 (R 3 ) ⊗ C 2 where H 1/2 denotes a Sobolev space. For B bounded or B ∈ L 2 (R 3 ) it has been shown [10, 12] that the potential V 1 + V 2 is relatively form bounded with respect to E A , with ǫ > 0 arbitrarily small and some constant c(ǫ) for B bounded respectively B ∈ L 2 (R 3 ). For subcritical potential strength, γ < γ c , the form bound is smaller than one such that h BR is bounded from below, allowing for its extension to a self-adjoint operator. Most recently [15] it was shown that for locally bounded A the critical potential strength for the semiboundedness of h BR could be increased toγ c = 2/( π 2 + 2 π ). However, no explicit B-dependence of the lower bound of h BR was provided. In the following we take B = Be 3 to be a constant magnetic field along the e 3 -axis, generated by
|(ψ,
which obeys ∇ · A = 0. A matter of interest is the behaviour of the ground state energy when B → ∞, which until now was only rigorously studied for systems with small nuclear charge. In this nonrelativistic limit the Dirac operator H turns into the Pauli operator H P = (σp A ) 2 + V. For this operator, using a scaling property by which the pair (B, γ x ) changes into (B 0 , λ x ) where B 0 is a fixed field and λ → 0 as B → ∞, the ground-state asymptotics could be investigated by means of a perturbative treatment of the electric potential [2] . It was derived that, as conjectured earlier [17] , the ground-state energy decreases according to (ln B)
2 as B → ∞, the error being of the order of ln B · ln(ln B). Recently the Dirac operator itself was studied for finite magnetic fields and small nuclear charge (including the simultaneous limits B → ∞ and Z → 0) in the context of the lowest bound state's diving into the negative continuum for sufficiently large B [5] . A similar scaling as in [2] was introduced, and an upper and lower bound for the ground-state energy was provided which behave like B As concerns the Brown-Ravenhall operator h BR its ground state was estimated with the help of a variational wavefunction, similar to the one used in the Schrödinger case [16] , with the result that the variationally determined groundstate energy decreases asymptotically like B 1 2 [12] . Recalling that the variational energy is an upper bound while the form boundedness (1.4) provides a lower bound, the ground-state energy of h BR is thus, like that of the Dirac operator, sandwiched between bounds which decrease like B 
where c > 0 is some constant.
Scaling property
Let us apply the scaling introduced by [2] to the Brown-Ravenhall operator, and set B =: µ 0 B 0 with µ 0 > 0 and B 0 some fixed constant field. Then µ 0 → ∞ as B → ∞.
Then with m/ √ µ 0 =:m,
and AẼ follows from (1.3) where E A , m is replaced byẼ A ,m. If we introduce the scaled ground-state energyẼ g := µ 0 E g then the corresponding eigenvalue equation turns intoh
(2.4)
In order to prove Theorem 1 we thus have to establish two items, (i) the existence of a ground state ofh BR for smallm ≥ 0 and fixed B 0 > 0, (ii) the convergence ofẼ g (m) asm → 0 to the ground-state energyẼ g (0) of h BR atm = 0.
As a consequence of (ii), For m > 0 it was proven in [10] that σ ess (h BR ) = σ ess (E A ). The respective proof, using the compactness of the difference of the resolvents of h BR and E A , has to be extended to the case m = 0. This is straightforward because the compactness property relies basically on the invertibility of the operators E A +µ and h BR +µ for a suitable µ > 0 as well as on the relative form boundedness (1.4) of the potential V 1 + V 2 with respect to E A with form bound smaller than 1. For m = 0, (1.4) remains valid and thus the semiboundedness of h
BR . An additional ingredient of the proof is the compactness of the operator K := χ 0 (E A + µ) −1 where χ 0 is a bounded nonnegative function in coordinate space with χ 0 → 0 as x → ∞. Since an error occurred in [10] , we give that proof anew for m ≥ 0.
Let S 
The compactness of the first factor can be shown with the help of the diamagnetic inequality. One has the pointwise inequality
where
is compact as a product of two bounded functions of x respective p tending to zero at infinity.
. Concerning the boundedness of the remaining factor in (3.1) we have for
with some constant c.
Having thus established that σ ess (h BR ) = σ ess (E A ) for m ≥ 0 and γ < 2 π , we have σ ess (h BR ) = [m, ∞) under the same conditions.
Next we show that σ(h
(a) Case m = 0 In [12] it was shown numerically for relativistic atoms (Z ≥ 20; using the scaling and
with ̺ = x 2 1 + x 2 2 and N t a normalization constant, and an effective charge Z ef f > 0 such that
Thus σ d (h BR ) = ∅ which assures the existence of a ground state for a given nuclear charge Z 0 . A trial function for Z 0 satisfying (3.6) then also satisfies this inequality for all Z > Z 0 . This follows from the fact that the negative part −(V 1 + V 2 ) of h BR (V 1 and V 2 are symmetric operators and hence are ≤ 0 as is V ) increases linearly with γ (i.e. with Z) while the positive part E A is independent of Z. We remark that a variational solution to (3.6) can also be found for Z < 20, however the convergence of the respective integrals in (ψ t , h BR ψ t ) gets increasingly poor when Z becomes smaller. We show that (ψ t , h BR − ψ t ) with the fixed ψ t from (3.5) is monotonically decreasing with m for m < m c when m c is sufficiently small. For the kinetic part we have, using that E A ψ t = p 2 3 + m 2 ψ t (see also section 4)
is (up to a constant) the Fourier transform of exp(−Z ef f x 2 3 + 1/eB 0 ), K 1 a modified Bessel function andÑ > 0 a normalization constant [12] , [9, p.482] .
With the mean value theorem applied at m = 0 we get
with ξ ∈ [0, m] and
Since the second factor in (3.9) is nonnegative, bounded by 1 and decreasing with ξ, the integrand is positive except for k = 0 leading to 0 < D t (m 1 ) < D t (ξ) ≤ 1 for all ξ and m below some fixed value m 1 . Consequently, (3.8) is decreasing with m (linearly for m → 0). Fourier transforming the expectation value of the potential part of h BR , we have
where c 0 is a constant, (for details see section 4, in particular (4.6)). by Matte and Stockmeyer [15] . However, its applicability requires the fulfilment of certain nontrivial conditions on the Weyl sequences for the essential spectrum of the free Dirac operator D A .
In the remaining part of the present work we prove the convergence of the sequence of eigenvaluesẼ g (m) form → 0 toẼ g (0). We start by restricting the ground-state function to the lowest Landau level and show continuity of the expectation value ofh BR atm = 0 for a certain class of functions. Then we allow for the presence of higher Landau states. From the continuity property ofh BR the convergence ofẼ g (m) toẼ g (0) is deduced.
Reduction to a one-dimensional problem
We want to gain information on the ground-state wavefunction of h BR for arbitrary mass m ≥ 0. To this aim we reduce the three-dimensional problem to a one-dimensional one by invoking the eigenfunctions of the Pauli operator. The resulting eigenvalue equation is then transformed to an integral equation in Fourier space from which the basic properties of the ground-state function can be extracted.
The eigenfunctions ψ nlds (x 1 , x 2 ) = ϕ nld (x 1 , x 2 ) χ s of the two-dimensional Pauli operator obey [18, p.196 . These eigenfunctions form a complete set of orthonormal functions (see e.g. [13, §111] , [8] ) such that an eigenstate ψ ∈ L 2 (R 3 ) ⊗ C 2 of h BR can be expanded in terms of these functions. When B strongly dominates the Coulomb field the ground state of h BR is approximately characterized by the ground state of the Pauli operator which is determined by the quantum numbers n = 0 and s = +1 (where the rhs of (4.1) attains its minimum zero). Indeed it was shown for the Dirac operator in a homogeneous magnetic field [5] that the n = 0 approximation becomes exact when the nuclear charge tends to zero or equivalently, when B → ∞.
With the restriction to n = 0 and s = +1 the (normalized) ground state ψ of h BR can be written as
where a l is an expansion coefficient, ̺ = x 2 1 + x 2 2 , φ l (x 3 ) a normalized function yet to be determined, and we have used the explicit form of ϕ 0l [18, p.196] , [16, the negative sign of d in that work relates to a positive coupling in (4.1), (p i + eA i )]. When n = 0 and the spin is fixed in ψ one can show by using σp A 1
For s = +1 we have from (4.1) for the kinetic part (ϕ 0l , E A ϕ 0l ) = p 2 3 + m 2 =: E A (p 3 ) and it is straightforward to verify for the potential part
where the functional dependence of A E (p 3 ) on E A (p 3 ) is given by (1.3) . The smallest value of (ψ, h BR ψ) is given by l = 0. In fact, E A (p 3 ) is independent of l. Moreover, the weight factor of (
3) is peaked at ̺ max = (2l + 1)/eB 0 , its normalized value at ̺ max slightly decreasing with l. Thus V m (x 3 , l) attains its maximum at l = 0 where ̺ max is smallest. For the consideration of the ground state we can therefore restrict ourselves to l = 0. Thus, dropping the sum in (4.2) and the index on φ, we have ψ n=0 (x) = ϕ 00 (x 1 , x 2 )φ(x 3 ) 1 0 . Disregarding the coupling to higher Landau states, the eigenvalue equation for h BR − reduces to
where E m− is the ground-state energy of h BR − m under the restriction n = 0 (and s = +1).
When Fourier transforming φ in (4.4) and projecting with an eigenstate to p 3 , exp(ipx 3 ), the momentum operators in V m turn into functions of k and p, respectively. As a result we obtain an eigenvalue equation for the momentumspace functionφ,
(4.5) for p ∈ R, where we have introduced the Fourier transformed expectation value
Lemma 2. The momentum-space potentialV 0 from (4.6) obeyŝ
with c 1 > 0 and c 2 ≥ 0.V 0 (q) ≥ 0 is monotonically decreasing with |q|.
Proof. For q → 0 the modified Bessel function diverges logarithmically, K 0 (|q|̺) ∼ − ln(|q|̺) = − ln |q| − ln ̺, and in this limit the integral over ̺ is convergent. For large |q| we make the substitution |q|̺ = z and obtain
where we estimated the exponential by unity and used [9, p.684] . Since K 0 is monotonically decreasing and the integrand ≥ 0, so isV 0 (q).
With the help of Lemma 2 some properties ofφ(k) can be derived. We have Lemma 3. For m ≥ 0 the restricted ground-state function in momentum space, φ, has the following properties
Proof. For the proof of boundedness we use that p 2 + m 2 −m+ |E m− | ≥ |E m− | and estimate from (4.5), using that A E ≤ 1 and
where the Schwarz inequality was applied. Due to Lemma 2 the integral is bounded, and φ = 1, such that |φ(p)| ≤ c |Em−| where the constant c does neither depend onφ nor on m. Recall that E m− < 0 exists for all m ≥ 0 since the trial function ψ t is an n = 0 (spin-up) state.
It is now easy to derive the behaviour ofφ(p) at |p| → ∞. Without restriction we can assume |p| > m such that
.
For the estimate of the integral in (4.5) we can use (4.9). Then, with the same constant as above, be the set of square integrable functions for which there exists C > 0, 0 < δ < 1, such that |φ(k)| ≤ C for k ∈ [−δ, δ]. Then for any ǫ 0 > 0 there exists 0 < δ 0 ≤ δ with 2 ( sup
We can choose δ 0 = min{ ǫ0 4C 2 , δ} for all ϕ ∈ M pos . Lemma 4. Let h BR (m) be the Brown-Ravenhall operator for a particle with mass m and let ψ(x) = N 0 e −eB0̺
As a consequence, the expectation value of h BR − (m) is also continuous in 0. Proof. Denoting the dependence on m by an additional subscript we have for the kinetic part of h BR (m) from (1.3),
which shows the continuity in m = 0. Note that (5.4) holds for all ψ ∈ L 2 (R 3 )⊗C 2 . The potential part can be decomposed in the following way,
with a similar formula for V 2 . The expectation value of the second summand is the conjugate complex one of the first factor (except for the replacement of A E,m by A E,0 ) and need not be considered separately. Transforming into Fourier space we have from (4.6)
with the kernel
We estimate (5.6) further by applying the Schwarz inequality,
We will show that each of the two factors can be bounded by an arbitrarily small ǫ 1 2 , provided m is sufficiently small. We have, substituting ξ = k − k ′ and using that A E,m (k ′ ) is bounded by 1,
where by Lemma 2 the integral is equal to some finite constant c I . We make use of the fact that A E,m (k) is continuous at m = 0 if k = 0, choose ǫ 0 > 0 and take δ, δ 0 from the definition (5.1) of M pos . Then for |k| ≥ δ 0 there is m 00 > 0 such that |A E,m (k) − A E,0 (k)| < ǫ 0 for all m < m 00 . We decompose the integration interval according to (−∞,
We have |A E,m (k) − A E,0 (k)| ≤ 2, and sinceφ ∈ M pos , by (5.2) the last term in the curly brackets is estimated by 2 ( sup
The other two terms can be estimated by ǫ 0 φ 2 = ǫ 0 . This leads to
For J(k ′ ) we treat the case |k| ≥ δ 1 with δ 1 < 1 by estimating |A E,m (k) − A E,0 (k)| < ǫ 0 for, say, m < m 01 . Then we obtain, substituting
The first term in the curly brackets is estimated by c I ǫ 0 . As concerns the second term we profit from the fact thatV 0 (ξ) is symmetric and monotonically decreasing with |ξ|. Thus, estimating the difference between A E,m and A E,0 by 2, the remaining integral overV 0 (ξ) has its maximum value for k ′ = 0. With (4.7) we have
The rhs tends to zero as δ 1 → 0 and thus can be made smaller than ǫ 0 for sufficiently small δ 1 . Then, with A E,m ≤ 1,
14)
The estimate of the second potential part, V 2,m − V 2,0 proceeds in the same way. One only has to replace throughout
which is also bounded by 1 and continuous at m = 0 for k = 0. This proves that the potential part is bounded by ǫ for m < min{m 00 , m 01 } =: m 0 .
We Let us now generalize the ansatz for the ground-state function ψ of h BR by including the higher Landau states (n > 0 and s = −1) in the expansion (4.2). This allows for the coupling of the potential V 1 + V 2 to n ≥ 1 states as well as for spin-flip induced by V 2 . However, for high magnetic fields the ground state is not much affected. For the Dirac operator it was shown numerically [6] that for e.g. Z = 68 and B = 2.3 × 10 16 G (where Z 2 m 2 e 3 = 1.1 × 10 13 G is the particular field for which Coulombic and magnetic forces on the electron are equally important) the effect of considering the n > 0 contributions is about 3 percent.
With ψ n=0 being the ground state of h BR with the coupling to higher Landau states switched off, we now add a spin-flip term ψ −1 and a remainder ψ r ,
(5.18) ψ −1 is characterized by n = 0, spin s = −1 and l = 1 since V 2 changes l by one unit simultaneously with the spin-flip. ψ r is composed of Landau states with n ≥ 1. All functions in (5.18) are normalized and mutually orthogonal. The weight factors obey |a 0 | 2 + |a 1 | 2 + |a 2 | 2 = 1, guaranteeing that ψ is normalized too. Since E A , acting on a Landau state with n ≥ 1, is according to (4.1) given by E A = 2neB 0 + eB 0 (1 − s) + p 2 3 + m 2 ≥ √ 2eB 0 + m 2 it is strictly positive at m = 0. The same is true when E A acts on an n = 0 spin-down state, resulting in E A = 2eB 0 + p 2 3 + m 2 ≥ √ 2eB 0 + m 2 . Hence, the m-dependent factors in V 1 and V 2 , A E and σp A /(E A + m), are analytic in m = 0. As a consequence, (ψ r , h BR ψ r ) and (ψ −1 , h BR ψ −1 ) are continuous in m = 0 (in the sense that ψ r , respectively ψ −1 , is kept fixed when performing the limit m → 0).
When proving Lemma 4 for ψ from (5.18) it thus remains to show that the off-diagonal matrix elements are also bounded by ǫ for m sufficiently small. Considering the potential V 1 we have, using the decomposition (5.5), This proves the continuity of E g− (m) (and of E g (m) as well) at m = 0.
